
Abstract

In this paper, the efficient full-wave analysis of passive
devices composed of circular and arbitrarily-shaped
waveguides is considered. For this purpose, the well-
known Boundary Integral - Resonant Mode Expansion
(BI-RME) method has been properly extended. Circular
waveguides are used for the resonant mode expansion,
whereas the arbitrary contour is defined by any combi-
nation of straight, circular and elliptical segments, thus
allowing the exact representation of the most widely
used geometries.  The proposed algorithm extends pre-
vious implementations of the BI-RME method based on
circular waveguides by considering circular and elliptical
arcs for defining arbitrary geometries. Likewise, it allows
the efficient analysis of passive devices based on circular
waveguides with arbitrary perturbations, thus providing
more accurate results with less computational efforts
than a rectangular waveguide based BI-RME approach.
The extended method has been successfully tested with
several practical application examples, having compared
its performance with the BI-RME method based on rec-
tangular waveguides.

Keywords: Waveguide components, filters, integral
equations, circular waveguides, Green function methods

1. Introduction

Nowadays, many waveguide components for satellite ap-
plications are based on cylindrical cavities. Examples of
such components include dual-mode filters, polarisers,

sidewall-coupled cylindrical cavity filters, etc. (see [1]).
The high electrical response sensitivity found in some of
these components, e.g. dual-mode filters, has encour-
aged the development of full-wave electromagnetic
analysis tools for its accurate and efficient modelling.
The analysis of complex waveguide components has
been traditionally carried out by means of segmenting
the structure into simpler building blocks: waveguide sec-
tions, discontinuities and planar junctions, as described
in [2]. Instead of considering the structure as a whole, it
is simpler and computationally more efficient to analyse
different types of blocks independently, and eventually
combine them to obtain the component response. In
order to perform a high-accuracy analysis, the character-
ization of these blocks needs to be multimodal, especially
if discontinuities are in close proximity. Waveguide sec-
tions are characterized by their modal charts. For the full-
wave characterization of planar junctions and
discontinuities, the modal coupling coefficients of the in-
volved waveguides are also required. Consequently, full-
wave modal analysis methods are generally focused on
computing these two sets of parameters.

Over the last decades, a wide number of analysis tech-
niques have been reported in the technical literature. On
the one hand, there are techniques based on the solution
of an integral equation by the method of moments (MoM)
[3]-[4] which solve a non-linear eigenvalue problem of small
size. On the other hand, there are techniques based on dis-
cretization methods leading to large algebraic problems,
such as Finite-Element (FE) [5] or Finite Difference Time Do-
main (FD-TD) methods [6]. Recently, hybrid techniques have
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been proposed in order to mitigate the drawbacks of both
groups. Some methods that fall into this category are the
mode-matching finite-element (MM/FE) method [7], the
boundary contour mode-matching (BCMM) method [8],
and the combination of the mode-matching, finite-ele-
ment, method of moments and finite difference methods
(MM/FE/MoM/FD) [9].

In this paper, a technique which combines the flexibility
of discretization methods with the efficiency of modal
techniques is extended, the so called 2D Boundary Inte-
gral - Resonant Mode Expansion (BI-RME) method [10].
The first original publication of this technique [11] con-
sidered its application to the modal analysis of arbitrary-
contour waveguide structures by means of the
combination of an integral equation with the modal ex-
pansion of a two-dimensional resonant contour. After
solving a linear matrix eigenvalue problem, the BI-RME
method provides the modal chart of the arbitrarily
shaped waveguide structure.

The linear character of the matrix problem offers a great
advantage over methods that solve integral equations
through frequency-dependent eigenvalue problems,
which typically result in larger computational efforts. More-
over, the moderate size of the matrices involved in the BI-
RME method, reduces the amount of required memory
resources, especially when compared with discretization
techniques. Furthermore, the use of the BI-RME method
within optimization procedures offers great advantages
since, from one iteration to the next, only the integrals that
involve altered geometries need to be recomputed.

After the first publication of the BI-RME method, the
technique was revisited to additionally provide the cou-
pling coefficients between the arbitrarily shaped wave-
guide and the basic resonant contour [12]. For this
purpose, the same matrices involved in the solution of
the eigenvalue problem were used, thus adding very little
computational effort.  Further efforts were done in the
direction of extending the original method in order to in-
clude circular and elliptical arcs to describe the arbitrar-
ily-shaped structure, since the original work [11] only
considered straight segments. In [13], these two kinds of
segments were added for the BI-RME method formulated
in terms of rectangular waveguide modes. For such case,
it was proved that the accuracy can be increased, espe-
cially when computing the cut-off frequencies of the
lower order modes of such arbitrary waveguides.

However, that work has proven to be inefficient for the
analysis of devices based on circular waveguides. In such
cases the rectangular-based implementation of the BI-

RME method requires a large number of resonant modes
to compute the modal chart of the arbitrary waveguide
with a high degree of accuracy. Likewise, the arbitrary
waveguides that typically compose these devices are usu-
ally connected to other circular waveguides. Therefore
the rectangular-based implementation does not take ad-
vantage of the efficient computation of coupling coeffi-
cients provided by the BI-RME method [12]. These
drawbacks can be avoided with the new BI-RME imple-
mentation presented in this paper, which combines the
use of a circular waveguide as the resonant contour with
the possibility of using circular and elliptical arcs (together
with straight segments) for defining the arbitrary geom-
etry. With this implementation based on circular wave-
guides, many practical passive devices can be analysed
and designed more accurately and with less CPU time
than using the rectangular-based algorithm.

2. Arbitrary waveguide analysis by
the BI-RME method

The basic structure under analysis (see Fig. 1) is an arbi-
trarily-shaped waveguide whose cross section � is defined
by the contour �. In order to analyse this waveguide, it
will be enclosed within a standard circular waveguide S0
and the original BI-RME formulation [11] will be applied.

2.1. Computation of the TM modes
To compute the Transversal Magnetic (TM) modes of an
arbitrarily shaped waveguide by means of the BI-RME
method, it is necessary to compute two matrices, named
L’ and R’ in [11]. The matrix R’ is related to the reso-
nant-mode expansion of the basic circular waveguide.
The matrix L’ involves the scalar Green’s function g for
the cylindrical resonator. This paper deals only with the
L’ matrix, since the computation of the R’ matrix can be
easily performed using standard numerical integration
methods. The elements of L’ can be expressed as follows:

(1)
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Use of the BIRME method within optimization procedu-
res offers great advantages since, from one iteration to
the next, only the integrals that involve altered geome-
tries are recomputed.

Figure 1. Basic contour of the arbitrary waveguide en-
closed within a basic circular contour.

L’ij = wi(l)g(s,s’)wj(l’)dl dl’
�
�

�
�



where wi,wj are the basis and testing functions related
to the implementation of the Method of Moments. These
functions are piece-wise parabolic splines defined in two
or three segments of the arbitrary contour �. In our pro-
posed enhanced algorithm, these segments can be
straight, circular or elliptical arcs, and the basis functions
are expressed in terms of a suitable variable l defined on
�. Furthermore, s = s(l) and s’= s(l’) represent field and
source vectors in the arbitrary contour �, and g repre-
sents the scalar Green’s function for two-dimensional res-
onators of circular cross section. Since g is singular when
s = s’, the diagonal components of L’ manifest a singular
behaviour; in these cases the singularity has to be ex-
tracted from the computation of the matrix and solved
analytically. The non-diagonal components can be easily
computed using standard numerical integration tech-
niques (e.g. the Gauss quadrature).

According to [11], the expression of the scalar Green’s
function for this structure is:

(2)

where

(3a)

(3b)

(3c)

and a is the radius of the bounding circular contour. It
can be easily observed that the singular behaviour of g is
of the type 1n(R) when the field point s(r,�) ap-
proaches the source point s’(r’,�‘) , since R represents
the distance between these two sets of points. To isolate
the problematic behaviour of this term, it is necessary to
split the Green’s function into a regular and a singular
term, dealing with each of them separately

(4)

where greg is regular since

(5)

Following this division of g into a regular and a singular
part, the double integral of (1) can be split accordingly.
On the one hand, the double integral involving greg can
be solved numerically, as it is done with the rest of the
integrals that do not present a singular behaviour (such
as the elements of matrix R’ ). On the other hand, the
double integral involving gsing can be performed in two
steps. First, the line integral with respect to the primed
coordinates is solved analytically, due to its singular be-
haviour. For circular and elliptical arcs, this singular inte-
gral can be computed analytically using a procedure
totally equivalent to the one described in [13]. Then, the
line integral with respect to the non-primed coordinates
is computed numerically, since it has now a regular form.

2.2. Computation of the TE modes
The accurate computation of the Transversal Electric (TE)
modes depends on the capability to evaluate matrices
C (not to be confused with variable C defined in (3c))
and L , whose elements are [11]:

(6)

(7)

where wn(l) and ∂wn(l)/∂l are, respectively, the basis
functions and their derivatives, t^=tr r^+t��^ is the vector
tangent to the contour �, and G–st is the solenoidal part
of the dyadic Green’s function for the circular cross-sec-
tion resonator.

As it can be observed, equation (6) is very similar to (1),
with the only difference being the presence of the deriv-
atives instead of the basis functions. Therefore, the pro-
cedure to solve the singularity inherent to the scalar
Green’s function in the C matrix is completely equivalent
to the one previously described for the L’ matrix of TM
modes (1), with the consideration that the derivatives of
the basis functions are linear splines.

The computation of the Lmatrix requires managing the
solenoidal part of the aforementioned dyadic Green’s
function, which can be expressed as follows 

(8)

where the specific expressions for the dyadic components
can be found in [11].

This dyadic Green’s function has a logarithmic singular
behaviour equivalent to the one of g. Following a similar
procedure to the one used with the TM modes, G– st can
be split into a regular part and a singular part, being the
latter as shown next:

(9)

where C is defined in (3c) and S is
(10)

As it has been done for the TM modes, the double inte-
gral of (7) will be split into an inner line integral that will
be solved analytically, due to its singularities, and an outer
line integral that will be solved numerically. The singular
integral to be solved analytically is
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Circular-based BI-RME implementation benefits from
lower number of resonant modes required to model ac-
curately the arbitrary sections, as well as the efficient
computation of coupling coefficients between circular
and arbitrary-shaped waveguides.
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(11)

where t=tr r
^+t��^ is the vector tangent to the contour.

Given that

(12a)

(12b)

it is immediate to rewrite the singular integral (11) as

(13)

If the contour � includes circular and/or elliptical arcs, the
analytical computation of this singular integral can be car-
ried out using the technique explained in [6] for TE modes.

3. Numerical results

In this section, the proposed implementation of the BI-
RME method using a circular resonant contour is vali-
dated with results from measurements and the technical
literature. The results1 obtained with the circular-based
implementation have proven to be highly accurate when
compared with available numerical or experimental data.
This implementation has also shown a more efficient per-
formance than the rectangular-based implementation for
the analysis of all the structures considered in this section. 

3.1. Elliptical waveguide
The first example involves exclusively elliptical arcs. An
elliptical waveguide with major semi-axis a=20mm and

eccentricity e=0.5 has been analyzed, and the cut-off
wavelengths have been compared with those computed
in [14], using the classical calculation of the parametric
zeros of the modified Mathieu functions. To obtain the
results shown in Table 1, the elliptical waveguide has
been segmented into 176 elliptical segments, and the
first 357 modes have been computed in just 7 s.

3.2. Multi-ridged circular waveguide
Next, the modal chart of a multi-ridge circular waveguide
(Fig. 2a) is presented. This structure is especially suitable
to be analysed by the circular-based implementation.
Thus, it serves the purpose of showing how the proper
election of the resonant contour has an impact on the
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Figure 2: a) Dimensions of the multi-ridged circular waveguide as well as the circular
and square contours used by the BI-RME method. Red lines indicate those segments that
have to be considered for the application of the BI-RME method in each case. b) Cut-off
frequency for the first two TE modes and the first TM mode of the multi-ridge circular
waveguide for different insertion depths (a). Simulations are compared with [15] and
measurements of [16].

1 All the CPU times in this section have been obtained using a standard PC with a 2.83 GHz Intel Core 2 Quad processor.

Table 1: Relative error in the cut-off wavelength com-
putation of an elliptical waveguide with major semi-axis
a=20 mm and eccentricity e=0.5.

trtr’ +t� t�’ =C(txtx’ +ty ty’)+S(ty tx’ - txty’)

- t� tr’ +tr t�’ =S(txtx’ +ty ty’) -C(ty tx’ -txty’)

Lsing=
�
� wi(l’)          (t

^ •t^’) dl’1nR2

8�

Lsing=
�
� wi(l’)           C(trtr’ +t� t�’)+S(-t� tr’ +tr t�’) dl’1nR2

8�



accuracy of the algorithm. This example consists of a cir-
cular waveguide of radius b=20 mm with three equidis-
tant metal insertions of angular thickness t=20º.
Sweeping the inner radius from a=1 to 19 mm, a series
of simulations have been performed using the circular-
based implementation (R=20 mm) and the rectangular-
based approach (l=41 mm). 

The results of these simulations can be seen in Fig. 2b,
where the cut-off frequencies for the first two TE modes
and the first TM mode have been computed and success-
fully compared with [15] and the measurements of [16].
For low order modes, as the ones considered in Fig. 2b,
both the circular and the rectangular-based implementa-
tions achieve rapidly convergent results. For instance,
only 100 resonant modes have been used with both im-
plementations, requiring less than 0.65 s per simulation
point with the rectangular-based code and 0.45 s with
the circular-based one.

However, typical analysis of complex passive devices re-
quires the use of higher order modes (usually up to 100
modes) for a proper characterization of the structure. In
those cases, the performance of the circular-based imple-
mentation excels that of the rectangular-based approach,
since the structure is based on a circular waveguide. To
show this, we have analysed the multi-ridge waveguide set-
ting the inner radius to a=16 mm and studied the conver-
gence of both implementations through the computation
of the 100-th mode cut-off frequency. The results of this
study are summarized in Table 2, where the superior per-
formance of the circular-based implementation over the
rectangular one can be observed. In approximately 0.8 s
the circular-based algorithm computes the cut-off fre-
quency of this mode with a relative error smaller than
0.1%, while the rectangular-based takes 5.9 s to achieve a
similar level of accuracy. The main reason for this important
improvement is that the number of segmented portions
(red portions in Fig. 2a is smaller since the majority of the

segments are coincident with the outer circular contour,
and do no need to be segmented by the circular-based im-
plementation. With a smaller number of portions the size
of the eigenvalue problem decreases, so the time devoted
to its construction and solution is drastically reduced. 

3.3. Cross-shaped iris
In the previous example, it has been demonstrated how
the election of the resonant contour has an effect on the
accuracy and efficiency of the modal chart calculation.
Now, it is shown how this election also affects the com-
putation of coupling coefficients, another key factor
when analysing the electromagnetic response of complex
devices. For such study, a structure consisting of a cross-
shaped iris connected to a circular waveguide is consid-
ered, as seen in Fig. 3a. On the one hand, this structure
has been analysed with the circular-based algorithm,
using the connected circular waveguide (radius R=12

mm) as the resonant contour. This analysis has automat-
ically provided the desired coupling integrals. On the
other hand, the structure has been analysed using the
rectangular-based algorithm, which computes the cou-
pling coefficients as follows:

(14)

where ei
� are the modal vectors of the circular waveguide

connected to the iris, en are the modal vectors of the rec-
tangular box and ej

Δ are the modal vectors of the cross-
shaped iris. Note that the first inner product in (14) is
analytical, whereas the second one is provided by BI-RME.

Figure 3 depicts the relative error in the computation of
coupling integrals between two sets of modes using the
rectangular-based implementation. In all cases the exact
value for the coupling integrals is taken as the convergent
value provided by the circular-based implementation. In
Fig. 3b the coupling integral between the first mode of
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Table 2: Cut-off frequency of the 100th mode of the triple-ridged circular waveguide (b=20

mm, a=16 mm, t=20º) computed with the circular and rectangular-based implementations for
different number of resonant modes. The exact cut-off frequency for the computation of the
relative error is taken as fc = 34.8788 GHz. This value has been obtained as the convergent
cut-off frequency value (difference smaller than 0.1 MHz) of the circular-based implementation.
The CPU time required for each analysis is included.

n=1

Nr
�ei ,en 	 ej ,en
I   = �Δ Δ

�
�



the cross-shaped waveguide and the first mode of the
circular waveguide is shown, for different values of Nr.
In Fig. 3c, the coupling coefficient between a high-order
mode (35th) of the cross-shaped waveguide and a high-
order mode (257th) of the circular waveguide is depicted.
The criteria for choosing these particular combinations of
modes has been that a significant coupling (I�

Δ
0.1) be-
tween them should exist.

The main conclusion that can be drawn from both graphs
is that the rectangular-based implementation, even though
it provides accurate results when low-order modes are in-
volved, lacks some accuracy when dealing with higher
order ones. The reason for this loss in accuracy is that high-
order modes have complex field patterns, which are rep-
resented in a less accurately way by a series of rectangular
waveguide modes. Meanwhile, the circular-based imple-
mentation does not need to represent these arbitrary
modes by any series, but instead defines them by the
modal current density computed by the BI-RME method.
Therefore, the computation of the coupling coefficients of
these high-order modes has the same accuracy level as the
corresponding modal chart computation.

Considering high-order modes is important when complex
structures are studied, especially when the arbitrary wave-
guide is used as an iris. In such cases, the circular-based
implementation offers an important advantage over the
rectangular-based algorithm when some of the intercon-
nections involve arbitrary and circular waveguides.

Finally, it is worth noting the oscillatory behaviour of the
coupling integrals with the different number of rectan-
gular modes, which may produce inaccurate results if a
proper convergence study is not previously carried out.

3.4. Design of a dual-mode filter with cross-shaped
irises and tuning elements
The last example deals with the design of a complex pas-
sive device in circular waveguide technology. The struc-
ture under consideration is the four-pole dual-mode filter
depicted in Fig. 4, along with its dimensions. It is based
on two circular waveguides coupled through a cross-
shaped iris and includes two sets of tuning elements, a
classical structure widely used in satellite communications
[17]. After designing the device, a prototype of this dual-
mode filter has been manufactured with real rectangular
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Figure 3: a) Cross-shaped iris of dimensions L1=17.3 mm, L2=15.3 mm, t=2 mm connected to a circular waveguide
of radius R=12 mm. Dashed lines represent the contour of dimensions w=15.4 mm, d=17.4 mm used for the appli-
cation of the rectangular-based algorithm. b) Relative error in the computation of coupling integrals between the first
cross-shaped mode and the first circular waveguide mode using the rectangular-based implementation. The exact value
to compute the error is taken as the one provided by the circular-based implementation. c) Relative error in the com-
putation of coupling integrals between the 35th cross-shaped mode and the 257th circular waveguide mode using the
rectangular-based implementation.



insets to validate the analysis tool presented in this article.
Figure 5 depicts the response of this manufactured pro-
totype compared with the simulated response obtained
with the circular-based and the rectangular-based BI-RME
implementations. The response simulated with the circu-
lar-based code is almost identical to the measured one,
confirming the accuracy of this tool when dealing with
these complex devices. Regarding the rectangular-based
response, a small frequency shift of approximately 7 MHz
is observed. Additionally, the out-of-band response up to
20 GHz is successfully compared with measurements.

As far as the computational efficiency of the analysis is
concerned, the circular-based algorithm takes advantage
of a more accurate characterization of the tuning sec-

tions, as well as a faster characterization of the different
planar junctions to achieve convergent results in a shorter
amount of time. While the rectangular-based implemen-
tation takes 100 s to compute 100 frequency points, the
circular-based implementation takes just 43 s, a consid-
erable reduction of the computation time just by using
the appropriate resonant contour.

4. Conclusions  

In this paper, an important enhancement of previous im-
plementations of the BI-RME method has been pre-
sented. This new implementation is intended to analyse
passive devices based on circular and arbitrarily-shaped
waveguides in a more accurate and efficient way. It com-
bines a circular contour as resonant structure with the in-
clusion of straight, circular and elliptical arcs for defining
the perturbed geometry. Compared with previous imple-
mentations of the same method based on rectangular
waveguides, this implementation takes advantage of a
lower number of resonant modes for the accurate mod-
elling of the arbitrary sections, as well as the efficient
computation of coupling coefficients between circular
and arbitrary-shaped waveguides. Therefore, the analysis
of devices based on circular and arbitrary waveguides is
highly improved by the use of the proposed implemen-
tation, as it has been shown through some examples. The
accuracy of this new implementation has also been suc-
cessfully verified using several examples of practical in-
terest, comparing the simulated responses with data
taken from technical literature and experimental meas-
urements. Furthermore, a dual-mode filter prototype has
been designed and manufactured for this purpose. In all
the examples, the performance of the new implementa-
tion has been optimum, especially when compared with
the previous rectangular-based one.
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As shown, the analysis of devices based on circular and
arbitrary waveguides is highly improved by the use of
the proposed implementation.

Figure 4: Physical structure of the designed dual-mode
filter in a circular waveguide of radius 13.3 mm. The di-
mensions are as follows. Cavities: Lc1=54.4366 mm,
Lc2=54.4436 mm. Input and output rectangular irises di-
mensions: 10.6441x2 mm, thickness 1 mm. Cross iris:
Lc1=7.688 mm and, Lc2=4.407 mm, t=1 mm, t c=1

mm. First triple-inset coupling section: t s=ws=2 mm

with screws located at 0º (horizontal), 90º (vertical) and
315º of depths, d0º=2.8956 mm, d90º=1 mm and
d315º=1.9345 mm, respectively. Second triple-inset
coupling section: ts=ws=2 mm with screws located at
0º, 45º and 90º of depths, d0º=2.9023 mm,
d45º=2.0364 mm and d90º=1 mm.

Figure 5: In-band and out-of-band response of the designed dual-mode filter. Measurements of a manufactured pro-
totype are compared with the simulation of the circular-based implementation.
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